Abstract: Given a map f : X → Y, we extend Gottlieb's result to the generalized Gottlieb group G f (Y, f(x 0 )) and show that the canonical isomorphism 
Introduction
Throughout this paper, all spaces are path-connected with homotopy types of CW-complexes. We do not distinguish between a map and its homotopy class.
Let X be a connected space, x 0 ∈ X a base-point and 1 the circle. The Gottlieb group G(X, x 0 ) of X defined in [5] is the subgroup of the fundamental group π 1 (X, x 0 ) consisting of all elements which can be represented by a map α : 1 → X such that id X ∨ α : X ∨ 1 → X extends (up to homotopy) to a map F : X × 1 → X. Following [5] , we recall that P(X, x 0 ) is the set of elements of π 1 (X, x 0 ) whose Whitehead products with all elements of all homotopy groups π m (X, x 0 ) are zero for m ≥ 1. It turns out that P(X, x 0 ) forms a subgroup of π 1 (X, x 0 ) called the Whitehead center group and, by [5, Theorem I.4] , it holds G(X, x 0 ) ⊆ P(X, x 0 ). Now, given a map f : X → Y, in view of [6] (see also [8] ), the generalized Gottlieb group G f (Y, f(x 0 )) is defined as the subgroup of π 1 (Y, f(x 0 )) consisting of all elements which can be represented by a map α : 1 
The generalized Whitehead center group P f (Y, f(x 0 )) as defined in [8] consists of all elements
Chapter II, Definition 3.5], denoted by J(f, x 0 ) and called the Jiang subgroup of the map f : Y → Y. The role that J(f, x 0 ) plays in that theory is intensively studied in the book [2] as well. More precisely, it is observed that the group J(f, x 0 ) acts on the right on the set of all fixed point classes of f , and any two equivalent fixed point classes under this action have the same index. Further, Bo-Ju Jiang, in [7, Chapter II, Definition 3.1], considered also the group J(f 0 ) for a fixed liftingf 0 of f to the universal covering of Y and stressed its importance for the Nielsen-Wecken theory of fixed point classes.
If f = id X , then, by [5, Theorem II.1], the groups J(f, x 0 ) and J(f 0 ) are isomorphic and, according to [7, Chapter II, Lemma 3.6], the groups J(f, x 0 ) and J(f 0 ) are isomorphic for any self-map f : X → X but no proof is given.
The aim of this paper is to follow the proof of [5, Theorem II.1] and give not only the proof of [7, Chapter II, Lemma 3.6] but also present the proof of its generalized version for any map f : X → Y.
The paper is divided into two sections. Section 2 follows some results from [5] and deals with some properties of fiber-preserving maps and deck transformations used in the sequel. In particular, we show the functoriality of the fundamental group via deck transformations. Section 3 takes up the systematic study of the group G f (Y, f(x 0 )). If X = Y, f = id X and x 0 ∈ X is a base-point, then the group G f (X, x 0 ) = G(X, x 0 ) has been described in [5 
Preliminaries
Let p : X → A and q : Y → B be maps. We say that f : X → Y is a fiber-preserving map with respect to p, q
We say that H : X × I → Y is a fiber-preserving homotopy with respect to p, q if H is a fiber-preserving map with respect to p × id I :
It is clear that the commutativity of the diagram
guarantees that f is a fiber-preserving map. Write D(X) for the group of all deck transformations of X and recall that there is an isomorphism Proof. First, fix x 0 ∈ X andx 0 ∈ p −1 (x 0 ), and write
Obviously,ỹ 0 ,ỹ ∈ q −1 (y 0 ). Then there exists a unique h ∈ D(Y) with h(ỹ 0 ) =ỹ , that is, hf 0 (x 0 ) =f (x 0 ). Since bothf and hf 0 are lifts of fp :X → Y, the unique lifting property guarantees thatf = hf 0 . Now, suppose thatf
. Consequently, h = h , and the proof is complete.
For a deck transformation l ∈ D(X), we notice thatf 0 l is also a lifting of f . By Proposition 2.3, there exists a unique h l ∈ D(Y) such thatf 0 l = h lf 0 . Then we define
by f * (l) = h l for any l ∈ D(X). Obviously, the map f * is a homomorphism. Notice that the map f * has been already defined in [7, Chapter II, Definition 1.1] for any self-map f : X → X.
3. This leads to a group structure on L f (Y) withf 0 as the identity element. Notice that the groups L f (Y) and D(Y) are isomorphic. In the sequel, we identify those two groups, if necessary.
For a homotopyH :X × I →Ỹ , we writeH t =H (−, t) with t ∈ I.
Lemma 2.4. Let f : X → Y. A homotopyH :X × I →Ỹ withH 0 =f 0 is a fiber-preserving homotopy if and only if, for any l ∈ D(X) and t ∈ I, the following diagram
Hence,H is fiber-preserving. SupposeH is fiber-preserving, l ∈ D(X), and takex ∈X , t ∈ I. Thenx and l(x ) are in the same fiber of p. SinceH t (x ) andH t (l(x )) are in the same fiber of q, there exists a unique h ∈ D(Y) such that hH t (x ) =H t l(x ). If ε > 0 is sufficiently small, hH t−ε (x ) =H t−ε l(x ). Thus the greatest lower bound of the set of t's such that hH t (x ) =H t l(x ) must occur when t = 0. Therefore, by continuity, hH 0 (x ) =H 0 l(x ). ButH 0 =f 0 , so we get hf 0 (x ) =f 0 l(x ) = f * (l)f 0 (x ). This can occur only when h = f * (l). Consequently,H t l = f * (l)H t , and the proof is complete. Proof. Let h ∈ Df 0 (Y). Then there is a fiber-preserving homotopyH :X × I →Ỹ withH 0 =f 0 andH 1 = hf 0 . But, by Lemma 2.4, f * (l)H t =H t l for any l ∈ D(X) and t ∈ I. Hence, for t = 0, 1, we get f * (l)f 0 =f 0 l and f * (l)hf 0 = hf 0 l = hf * (l)f 0 . Consequently, f * (l)h = hf * (l), and we get that h ∈ Z D(Y) f * (D(X) ).
To show the second part, take h, h ∈ Df 0 (Y). Then there are fiber-preserving homotopies 
Main result
Certainly, G f (X, f(x 0 )) coincides with the group J(f, x 0 ) defined in [7, Chapter II, Definition 3.5] for a self-map f : X → X. Now, we follow, mutatis mutandis, the result [5, Theorem II.1] to generalize [7, Chapter II, Lemma 3.6] as follows:
) and h ∈ D(Y) be the corresponding deck transformation. Then there is a homotopy H : X × I → Y such that H 0 = H 1 = f and H(x 0 , −) = α, where x 0 ∈ X is a base-point. Next, consider the commutative diagramXỸ
Then, by the lifting homotopy property, there is a mapH :X × I →Ỹ such that
This implies thatH is a fiber-preserving homotopy. Further, because H 0 = H 1 = f , we also derive that
This implies that for any h ∈ H, the induced homeomorphism h * : Σ(2n 
